There are at least three different types of secular effects in the two-point correlation functions in scalar quantum field theories in de Sitter space-time. The first one is specific to de Sitter massless and tachyonic minimally coupled scalar fields. The remaining two are generic and are encountered practically in any non-stationary situation in quantum field theory. Furthermore there are secular effects in the n-point correlation functions for low enough mass. They are also specific to de Sitter quantum field theory. In this paper we focus on the differences between the secular effects in two-point functions. We discuss also their character in different patches of de Sitter space-time -global, expanding and contracting Poincaré patches.
I. INTRODUCTION
Secular effects in de Sitter (dS) space quantum field theories have attracted a great deal of attention (see [1] - [69] for an incomplete list of references). Let us consider for instance the twopoint Wightman function
of a real scalar quantum field on the D-dimensional dS manifold (we consider here a fixed background, i.e. backreaction effects are not taken into account) 1 . There are at least the following three types of secular effects:
• The secular growth of the first kind appears in the case of the massless minimally coupled scalars and also for tachyonic fields [1] - [9] and [70, 71] . It was first seen in the tree-level correlation function (1) when t 1 = t 2 = t and x 1 = x 2 and then observed in the loops in the expanding Poincaré patch (EPP)
of the D-dimensional dS space of unit radius. In fact, as t → +∞ one finds that [1] - [9] :
A 0 is the tree-level contribution, A 1 is the first loop contribution which contains integrals of products of mode functions and λ is the self-coupling constant of the scalar field theory. The dependence on x disappears due to the spatial homogeneity of the EPP and the chosen initial state. The effect can also be observed when x 1 = x 2 [54] - [61] , where the mass term can be treated perturbatively.
This secular growth is specific for massless 2 minimally coupled scalars in the EPP and violates dS isometry even at tree-level [1] - [9] . In fact, in such a case at each order of perturbation theory the Wightman propagator is not a function of the scalar invariant -the so called hyperbolic distance.
Methods to deal with the secular growth of the first kind are developed in [8] , [9] , [54] - [61] . But they work only in the EPP, for small enough perturbations over the Bunch-Davies (BD) state [93] , [94] , i.e. only when the same sort of effects in higher point functions can be neglected.
We are not going to discuss effects of this type in detail in the present paper. We have mentioned them just to stress the difference with respect to the other secular effects on which we are going to focus on in this paper.
• The secular growth of the second kind appears for scalar fields of arbitrary mass; it is seen in the loops when |t 1 − t 2 | → ∞. Namely, in the λφ 3 (resp. λφ 4 ) theory the one (resp. two) loop corrections to the Wightman propagator contain contributions of the following form:
where
is the spatial Fourier transformation of the two-point Wightman function (note that in this paper we always discuss spatially homogeneous states). W loop denotes the one (resp. two) loop contribution, B is a constant containing integrals of products of mode functions whose explicit form will be shown below. The implications of this effect for dS physics have been discussed in the literature (see e.g. [45] - [51] ). Usually this effect leads to a mass renormalization or to a contribution to the imaginary part of the self-energy. This effect cannot be definitely attributed to the infrared (IR) contributions. It also can appear from the ultraviolet (UV) region of internal loop momenta and even in a atationary situation.
• The secular growth of the third kind also appears for scalar fields of arbitrary mass. It shows up in the loops when t 1 + t 2 → ∞ while t 1 − t 2 = const. Namely, the one (resp. two) loop corrections to the Wightman function in the λφ 3 (resp. λφ 4 ) theory in the EPP contain contributions of the form:
where C is a constant containing integrals of products of mode functions. The calculation of the one-loop correction for the Wightman function for the λφ 3 theory with mass m > (D − 1)/2, in units of dS curvature, has been done in [62] both in the EPP and in global dS. The extension of this calculation to the λφ 4 theory and at higher loops has been done in [64] , [65] , [66] , [67] , [69] . The extension to light fields with mass m < (D − 1)/2 in units of the dS curvature, at one loop was done in [67] and at higher loops -in [68] .
• Finally, in the contracting Poincaré patch (CPP) and in the global dS manifold there is a secular divergence in place of the secular growth of the third kind [62] , [66] , [69] :
where t = t 1 +t 2 2 , t 0 is the initial time (Cauchy surface) from where the self-interactions are adiabatically turned on and F is a constant containing integrals of products of mode functions. We will see that the secular growth of the third kind in the EPP (5) and the above secular divergences in the CPP and global dS are of the same physical origin. But, as we explain in the present paper, the resummation of the leading contributions from all loops in the case of the secular growth (of any kind) and in the case of the secular divergence in dS space are physically distinct problems.
The appearance of t 0 in the expressions of the correlation functions means the divergence rather than just the growth with time. In fact, if one puts t 0 → −∞, the loop corrections to the correlation functions are infinite (divergent) even if one cuts off the ultraviolet divergences. It means that in such a case the initial Cauchy surface cannot be taken to past infinity (see [69] for a generic discussion). This, in its own right, means that in such a situation correlators are not functions of the scalar invariant, i.e. dS isometry is violated in the loops by such secular divergences, even if it is respected at tree-level. Secular effects of the second and third kinds or the secular divergence are generic and appear practically in any non-stationary situation. For example, the secular divergence appears even in flat space quantum field theory in non-stationary situation -for non-Planckian initial distribution, as discussed in e.g. [91] . Moreover, it appears in presence of a constant electric field [72] [73] [74] . It is similar to the divergence in global dS and in CPP. In the electric pulse in QED there is also a secular growth instead of the divergence, which is similar to the one in the EPP.
The secular growth of the third kind in the case of black hole collapse is discussed in [75] (see also [76] ). At the same time the secular growth of the second kind in the case of black hole collapse was discussed in [77] . Finally, the secular growth of the third kind in the presence of moving mirrors is discussed [78] (see also [79] ).
The secular growth of the third kind and the corresponding divergence in the loops are the infrared effects. These two effects are sensitive to the boundary and initial conditions. As a result it is no wonder that they reveal themselves in different ways in various patches of the same dS space. The presence of a secular growth implies a violation of the applicability of perturbation theory. In fact, even if λ is very small λ 2 (t 2 − t 1 ), λ 2 (t 1 + t 2 ) or λ 2 [(t 1 + t 2 )/2 − t 0 ] can become of order unity as two arguments t 1,2 of the correlation function are taken to the future infinity.
Hence, to understand the physics even of massive fields in dS space one has to perform a resummation at least of the leading contributions from all loops. Usually in dS space quantum field theory this is done only for very specific initial states, when the mass term can be treated perturbatively. Meanwhile the result of the resummation strongly depends on the patch and the initial state. The goal of the present paper is to clarify some of these points.
In first place for the resummation of the large infrared effects one has to solve the system of the Dyson-Schwinger equations in some approximation. This system contains equations for the two-point functions and vertexes. Each of these unknowns of the system can possess independent secular contributions. In fact, in D-dimensional dS space, when m ≤ √ 3 4 (D − 1) in units of the dS curvature, higher point correlation functions also show a secular growth as one takes all their arguments to the future infinity [68] (see also [80] - [86] for the discussion of the origin of such an effect). This phenomenon is also specific to dS space quantum field theory.
In this paper we discuss such situations, when the secular growth in the higher point functions is not present. Namely, we mostly discuss scalars from the principal series, m > (D − 1)/2. We specifically designate which of the loop contributions provide the leading corrections at each loop level. It happens that in the case of secular growth and in the case of secular divergence different types of diagrams contribute leading corrections in dS quantum field theory. Hence, e.g. the problems of resummations of leading loop corrections in the EPP and in global dS are physically different.
The paper is organized as follows. In section II we establish the setup and the notations. In section III we explain the origin of the secular growth of the third kind in the EPP for the BD state. Section IV deals with the difference between the secular growth in the EPP for the BD state and the secular divergences emerging for alpha-vacua in the EPP and for any state in the CPP and in the global dS.
In section V we investigate the relation between the secular growth of the second and the third kind for dS invariant situation. In particular, we find the relation between these two types of secular effects for the BD initial state in the EPP in the x-space representation.
In section VI we discuss the problem of the resummation of the leading secular contributions from all loops. We explicitly show which type of diagrams provide the leading contributions in the case of secular effects of the second and third kind in the EPP for the initial BD state. Then we show that in the CPP and in global dS different type of diagrams provide the leading contributions in the case of secular divergence.
Section VII contains some conclusions.
II. SETUP
We consider the scalar field theory:
where φ is real. We restrict our attention to the φ 3 potential just to simplify all expressions. The effects that we discuss here have nothing to do with the runaway instability of the φ 3 potential and can be seen also in φ 4 theory [67] . The background geometry in (7) is given by the expanding Poincaré patch (EPP):
Below we also consider the contracting Poinaré patch (CPP), global de Sitter (dS) metric and so called sandwich metric -EPP like expansion interpolating between two flat regions. We set the Hubble constant to one. Only the scalar field φ is dynamical, gravity is fixed. The expansion of the field operator over the Bunch-Davies (BD) modes [94] is defined as:
where the modes satisfy the following equation:
Its solutions are
In the last expression:
, and p ≡ | p| .
The normalization factor of the modes fixed by the commutation relations of the field φ with its conjugate momentum and of the creation, a + p , with the annihilation, a p , operators. In this paper we consider the case of m > 0. Below we discuss the loop IR contributions in the limit, when pη 1, 2 |µ|. In such a limit the leading behaviour of the modes is as follows
. Most of the equations below are written for the case m > (D − 1)/2 (for the precise expressions see [69] for the m > (D − 1)/2 case and [68] for the m < (D − 1)/2 case). To simplify the discussion below we show just the leading expressions in appropriate limits to reveal the physical meaning of the phenomena that are discussed in the paper. Otherwise expressions become humongous.
In non-stationary quantum field theory every field is described by three propagators (see [91] , [92] for an overview). The retarded and advanced propagators are proportional to the commutator, whose spatial Fourier representation at tree-level is equal to:
The third relevant two-point correlation function is the Keldysh propagator. Its tree-level spatially Fourier representation is:
Note that while C 0 does not depend on the state, the Keldysh propagator D K 0 does. Eq. (15) is the expression of the Keldysh propagator for the BD state. The index "0" of C and D K means that these are the tree-level expressions of the corresponding two-point functions.
Essentially with the use of the Schwinger-Keldysh technique one calculates correlation functions rather than amplitudes, as in the Feynman technique. The result of the calculation solves a Cauchy problem, where the ground state plays the role of the initial state. Unlike the Feynman technique, the Schwinger-Keldysh approach is completely causal. The point is that within the SchwingerKeldysh technique the result of any loop contribution depends only on the causal past of the arguments of correlation functions.
Figure 1: In the Schwinger-Keldysh technique there are several diagrams, of the type that is shown here, which contribute to the one loop correction to the two-point functions. The Schwinger-Keldysh diagrammatic technique in the context of cosmology is reviewed in [95] (see also [69] ).
III. SECULAR GROWTH OF THE THIRD KIND IN THE EPP
Secular effect of the third kind and the corresponding divergence are, in our opinion, potentially the most relevant ones as regards backreaction on the background dS geometry [69] , [68] . One of the goals of this paper is to show exactly this point.
At the leading order the sum of the tree-level and one loop (see fig. 1 ) contributions for the Keldysh propagator can be expressed as [69] :
where η = √ η 1 η 2 and the modes h(pη 1,2 ) should be approximated by (13) . In φ 3 theory
Here A ± are defined in (13) and κ * 1 (pη) is just the complex conjugate of κ 1 (pη). These expressions are the leading contributions in the limit, when p √ η 1 η 2 → 0 and η 1 /η 2 = const. The coefficients of proportionality in (17) can be found in [69] . Their exact expression is not necessary for further discussion in this paper. The index 1 in the notation of n(pη) and κ(pη) means that these expressions are just one loop contributions 3 . We discuss the physical origin of such contributions in the next section. The loop IR corrections to C 0 are discussed below in the section V. We will see that in the limit that we are considering in this section C 0 does not receive any secularly growing contributions.
From the form of (16) it is not hard to recognize in n(pη) |h(pη)| 2 the level population, where
, evaluated at second order in λ in the interaction picture. It is important to note that this level population is attributed to the comoving volume. (The volume
is the coefficient of proportionality in (16) .) 3 In λφ 4 theory the corresponding expressions are similar [67] but the secular growth appears in two loop contributions which follow from the sunset diagrams.
Similarly κ(pη) h 2 (pη) is nothing but the anomalous quantum average κ(pη) δ ( p + q) = a p a q (η) also evaluated in the interaction picture to the second order in λ and attributed to the comoving volume. Finally, κ * (pη) δ (3) 
Please remember that in this paper we consider spatially homogeneous quantizations only. Also we are working in the interaction picture. Hence, when λ = 0 all the above quantities, n, κ and κ * , are time independent. They start to evolve, when one turns on self-interactions.
As √ η 1 η 2 → 0, i.e. when (t 1 + t 2 )/2 → +∞, we encounter the secular growth of the third kind.
Usually its physical meaning is that due to the λ φ 3 self-interaction, the level populations of the low laying exact modes in the theory are changing in time. Also the ground state does change due to the secular growth of the anomalous averages κ p and κ * p [69] . That is the usual picture, but in dS space there are peculiarities due to its symmetry. We discuss them in a moment.
In any case, because λ 2 (t 1 + t 2 ) > ∼ 1, for long enough time of evolution, we encounter here a breakdown of perturbation theory, which is the usual phenomenon in non-stationary situations or even in finite temperature stationary state quantum field theory. This just means that to understand the physics in dS space one has to do at least a resummation of leading secular effects from all loops. The result of the resummation will provide the correct time dependence of n, κ and κ * rather than just the approximate linear growth. Consequently, the goal should be to understand which type of contributions are the leading corrections to these quantities at each loop order.
At this point it is important to stress that to perform the resummation of such contributions one usually has to apply the kinetic approach [92] . However, in dS space there are important peculiarities, which are mainly discussed in the section V. These peculiarities appear because the dS space has large isometry group which plays the same role as the Poincaré group in Minkowski space. However, it happens that loop corrections do respect the isometry only for the exact BD initial state in the exact EPP [63] (see also [69] ).
Meanwhile in the CPP as well as in global dS the isometry group is broken in the loops by IR divergences for any initial state [62] , [64] , [66] and [69] . For alpha-vacua the dS isometry is also broken in the loops even in EPP [63] , [69] . In the next section we explain the reason for these symmetry violations.
IV. SECULAR GROWTH VS. SECULAR IR DIVERGENCE
Before discussing the implications of the dS isometry let us consider the origin of (16) and (17) and the situation in the CPP as well as in global dS. For a generic spatially homogeneous background the one loop correction is similar to (16) , but instead of n(pη) and κ(pη) it contains the following expressions:
and the complex conjugate expression for κ 1 * p (η) [69] ; upper index 1 indicates that we are discussing here one loop corrections. Here f p (η) is the time dependent part of the mode functions, which in the case of the EPP is f p (η) = η (D−1)/2 h(pη); η 0 is the time after which the self-interaction λ is adiabatically turned on. In dS space n p (η) = n(pη) and κ p (η) = κ(pη) due to the dS isometry invariance, which both in the EPP and CPP contains the simultaneous rescalings of η and x.
When the expressions in Eq. (18) are not zero, they represent the leading contributions in the limit |η − η 0 | → ∞, if η is the proper time, or in the limit η/η 0 → ∞, if η is the conformal time.
In the flat space case we have that g(η) = 1 and f p (η) = e −i ωp η / 2ω p with ω = p 2 + m 2 and η is the proper (Minkowskian) time. As a result, in such a case in the limit |η − η 0 | → ∞ one obtains for e.g. n p the following expression:
Hence, in the situation under consideration the density does not change and remains zero n p (η) = 0. Thus, there is no any secular IR divergence of the form λ 2 (η − η 0 ) due to the energy-momentum conservation: creation of particles from the ground state is impossible. Similarly κ p (η) = 0 and the ground state does not change. These are the core facts, which are deeply related to the adiabatic theorem (see e.g. [87] - [90] for the situation in non-stationary systems).
A. Secular growth in the EPP
Now let us return to the case of the EPP. For BD modes we have that f p (η) ∼ h(pη) ∼ e i p η when pη µ (η is the conformal time). Such a behaviour of the modes in the EPP is the consequence of the strong blue shift of every mode towards past infinity: modes with large physical momenta do not feel the curvature of the space-time and behave as if they were in flat space. Because of that in the expression (18) the secular growth (17) arises only from integrating over momenta and conformal times for which p η 3, 4 µ (see [69] for more details) 4 .
4 It is important for the remaining part of the paper to understand that to obtain (17) from (18) one has to perform the integration over q2 in (18) and then make the following change of variables (q1, η3, η4) → (u = √ η3 η4, q1 √ η3 η4 = l, η3/η4 = v). After that the logarithmic behavior appears as µ/p η du/u = log (µ/pη) from the region of integration where q1 p. Note that while expression (η − η0) appears in (19) as the consequence of the time translational invariance in Minkowski space, the expression log(µ/pη) appears in (17) due to the conformal time scale invariance of the EPP metric (8) .
From these observations one can make two conclusions. First, the limits η 1,2 → 0 and H → 0 do not commute. Here H is the Hubble constant, which is set to one in this note. All the secular growth is gained from the region where mode's physical wave-length exceeds the Compton one, pη < µ. That happens due to the space-time expansion, when H = 0, and mode functions start to behave as is shown in eq. (13) . Summarizing, for the BD state in the EPP we basically have the following situation:
and similarly for κ 1 (pη) and its complex conjugate. Second, for the case of the exact BD state in the exact EPP one can take η 0 to past infinity. In fact, for pη 0 > µ the modes behave as in flat space and one returnes to the situation discussed in the previous subsection. As a result, in (16) and (17) we obtain the secular growth log (µ/pη) ∼ (t 1 + t 2 )/2 − log (p/µ) rather than the IR divergence log (η 0 /η) ∼ (t 1 + t 2 )/2 − t 0 . This fact is crucial for the absence of secular IR divergence in the case of the exact initial BD state in the exact EPP. Which, in its own right, is important for the dS isometry invariance of the loop integrals in such a situation.
B. Secular IR divergences in various situations in dS space
In the case of generic alpha-vacua in the EPP the modes behave as f p (η) ∝ C + e ipη + C − e −ipη , when pη µ. Here C ± = 0 are complex constants whose values depend on the choice of the alpha-vacuum and one has to plug this expression into Eq. (18) . It follows that the coefficients of proportionality of λ 2 (η − η 0 ) are not zero because the arguments of the delta-functions in the corresponding integrals analogous to (19) can be equal to zero. Thus there is an IR divergence, which is to be ascribed to the anomalous UV behaviour of the alpha-modes (for the BD state C − = 0, which corresponds to the normal UV behaviour, i.e. the same as in flat space).
It is probably worth stressing here that κ 1 p (η) and its complex conjugate also possesses the same secular IR divergence. This means that the system flows to a proper ground state, which is the BD state for pη > µ, as one may guess from the proper UV behaviour of the corresponding modes.
In the CPP the situation is as follows. Future infinity there corresponds to η ≡ √ η 1 η 2 → +∞ and the BD modes behave as (13) at past infinity of the CPP 5 . Then, at the leading order, when pη 0 µ, the one loop correction to the Keldysh propagator has the same form as (16) , but in the expressions for n 1 (pη) and κ 1 (pη) in (17) one has log (µ/pη 0 ) instead of log (µ/pη), if pη > µ. At the same time in the case when pη < µ and η/η 0 → ∞ one obtains log (η/η 0 ) instead of log (µ/pη).
Summarizing, for the BD initial state in the CPP, when pη 0 µ and η/η 0 → ∞ we obtain that:
and similarly for κ 1 (pη) and its complex conjugate. Please note the essential difference of this situation from the one in the EPP (20) . Namely, while in the EPP the evolution of n(pη) and κ(pη)'s starts after η ∼ µ/p, their evolution in the CPP starts right after the initial Cauchy surface η 0 . That is due to the difference of the geometries of the EPP and CPP. The coefficients of proportionality in (21) are the same as in (17), if one considers the BD initial state at the initial Cauchy surface η 0 . Similar secular IR divergences are also present for other alpha-states, but with different coefficients. They are expressed by similar integrals to those in (17) , but with the corresponding mode functions 6 .
In presence of the IR divergence it is impossible to take η 0 to past infinity (e.g. η 0 → 0 in the CPP) because otherwise even after a UV regularization the loop corrections will remain infinite. But keeping η 0 finite violates the dS isometry, because there are generators of the group that move η 0 . In particular, as a result of that, propagators in x-space representation are not functions of the scalar invariant.
In global dS space the situation is similar to the CPP, because it contains EPP and CPP simultaneously. To see the appearance of the IR secular divergence in global dS space one can represent its metric as follows:
In such a case the Cauchy surfaces are not compact and the mode functions will be piecewise defined separately for CPP η = e t − ∈ [0, +∞) and for EPP η = −e −t + ∈ (−∞, 0]. Such a situation was considered in [66] , [69] . Then the IR divergence appears from the CPP part of the loop expressions. In fact, the situation in global dS can be understood from the following perspective 7 . As we already recalled, the result of a loop calculation within the Schwinger-Keldysh technique depends only on the causal past of the arguments of the correlation function. As can be seen from Fig. 2 this essentially means that the result of a loop calculation in global dS should be the same as in the CPP. If one chooses a different contracting patch from the one shown on this figure, he has to perform a dS isometry transformation, which shifts the patch.
Another option is to consider compact spatial slicing of the global dS space-time:
where dΩ 2 is the metric on the unit (D − 1)-dimensional sphere. 6 Note that for other alpha-states there also will be secular effects coming from the region pη > µ. They are of the same origin as those effects mentioned in the first paragraph of this subsection. 7 We would like to thank A.Polyakov for communicating to us this argument. To keep the discussion as simple as possible let us explore the 2D global dS space; here the calculations are quite easy to perform and are similar to those in the EPP and CPP. The mode expansion in this case is as follows:
where ϕ is the angular coordinate on the spatial circle of the 2D global dS space. The time dependent part of the modes satisfies the following equation:
which at past and future infinity, as τ → ±∞, becomes similar to the one in the EPP. Indeed, if one makes a change of variables τ = − log η, he approximately recovers (at the future and past infinity) Eq. (10) . As a result, in this limit the modes behave as:
We are interested in the so called Euclidean modes, which obey the condition f k (−τ ) = f * k (τ ) and have the normal UV behaviour. These conditions restrict A ± , but we do not need the corresponding explicit form. These modes correspond to the BD waves in the EPP. Namely, tree-level two-point correlation functions for these two types of modes coincide with each other.
The leading one loop contribution to the Keldysh propagator in the limit, when initial time is taken to past infinity, τ 0 → −∞, and the two arguments of the correlation function are taken to future infinity as (τ 1 + τ 2 )/2 = τ → +∞, is closely similar to (16) with: (27) Similar expressions hold for κ 1 (τ ) and its complex conjugate.
The leading contributions to the last expression come from the regions of integration where τ 3,4 → τ , τ 3,4 → τ 0 and q n. By changing the variables as
and replacing of the summation over q with an integral, we get the following expression
Here, while the contribution proportional to τ comes from future infinity, i.e. from that part of global dS which is similar to the EPP, the contribution proportional to τ 0 comes from past infinity, i.e. from that part of global dS which is similar to the CPP.
V. DS ISOMETRY AND THE RELATION BETWEEN THE SECULAR GROWTH OF THE THIRD AND THE SECOND KIND
As we have mentioned above, in the massive scalar quantum field theory in the EPP there is a dS invariant state, for which the isometry is respected not only at tree-level, but also in all loops [63] (see also [69] ). Such a state is the analogue of the Wightman vacuum in Minkowski space [80, 81] . In fact, in the invariant situation nothing depends on the choice of a point in dS space-time. But even in such an invariant situation there is the secular growth of the second and third kind, but there is no secular divergence. Here we discuss the properties of the secular growth in the x-space representation of the correlation functions.
The position space representation of the tree-level BD Wightman function is as follows:
where 2 F 1 [a, b; c; x] is the hypergeometric function and Z 12 = 1 +
is the scalar invariant, also called hyperbolic distance between the points 1 and 2. The fact that the correlation functions depend on the scalar invariant reflects the dS invariance of the state under consideration.
The hypergeometric function in (30) is singular on the light-cone, i.e. when Z 12 = 1, and is analytic in the complex Z 12 -plane with the cut going from Z 12 = 1 to infinity along the positive real axis. These values of Z 12 correspond to time-like separated pairs of points. To define the correlation function in the vicinity of the cut one has to take the proper boundary value; this is usually encoded in an prescription as follows: Two comments are in order here. The reason why the dS isometry is respected in the loops for the BD state in the EPP lays in the above analytic properties of the propagator (30) as a function of Z 12 and in the specific behaviour of the EPP geometry at past infinity [63] (see also [69] ). These facts are deeply related to the absence of the IR divergences in the loops for the BD ground/initial state in the EPP.
Second, frequently one defines the theory in dS space-time via analytical continuation from the sphere in the complex Z-plane (see e.g. [26] - [31] ). But such an approach does not allow to address non-vacuum and non-stationary situations in dS cosmology, because in the latter case propagators are not functions of Z anymore. In particular such an approach does not allow one to address the issue of the IR divergences in the CPP and global dS, which are discussed in the previous section.
The limit of interest for us in this note, p √ η 1 η 2 → 0 and η 1 /η 2 = const, corresponds to the case Z 12 → −∞, which is that of the large spatial separation between the points 1 and 2. In such a limit:
where B ± are some complex constants. They can be related, via the inverse Fourier transform of (14) , (15) , to the behaviour of the modes in eq. (13) . Otherwise one can obtain eq. (31) from the asymptotics of the hypergeometric function for large values of its argument. The one loop correction to the Wightman function in φ 3 theory in the x-space representation was calculated in [62] . The sum of the tree-level and one loop contributions is as follows:
where K is a constant related to the factors multiplying λ 2 log (µ/pη) in (17) . Consequently log (−Z 12 ) in (32) follows from log µ/p √ η 1 η 2 after the inverse Fourier transformation along the spatial directions. In fact, making the shift,
, and then taking the real part of the obtained expression one gets the Fourier transformation of (16) and (17) with h(pη 1,2 ) approximated by (13) [62] . Of course these relations are valid approximately in the limit p √ η 1 η 2 → 0 and η 1 /η 2 = const.
Taking the imaginary part of
Here θ is the Heaviside step function. It appears from the imaginary part of the logarithm and should be present here due to the causality properties of the commutator C (see e.g. [92] ). To write it in this form we recall that |Z 12 | → ∞. Eq. (33) exhibits an interesting phenomenon. For space-like separated pairs (Z 12 < 1) the commutator vanishes C 0 (Z 12 ) = 0, because for these values of Z 12 the Wightman function W 0 (Z 12 ) is real. As a result, there is no secular growth in the retarded and advanced propagators in the limit p √ η 1 η 2 → 0 and η 1 /η 2 = const, i.e. when Z 12 → −∞. Thus, only the Keldysh propagator receives secular IR contributions in the limit that we have considered above, which is in agreement with the observations of [69] and, more generally, of [92] . However, for large time-like separations, Z 12 → +∞, we have that C 0 (Z 12 ) = 0 and there is a secular growth in C 0+1 (Z 12 ), as follows from (33) . This is in agreement with the calculation of the secular loop corrections of [51] . In the latter paper it was found that in φ 3 theory in the limit η 1,2 → 0 and η 1 /η 2 → ∞ all three propagators (Keldysh, D K , retarded, D R , and advanced, D A ) receive the following one-loop contributions:
This is the secular effect of the second kind, because log(η 1 /η 2 ) = t 2 − t 1 . Note that λ 2 log (η 1 /η 2 ) ≈ λ 2 log Z 12 for the time-like Z 12 , when η 1 /η 2 → ∞ and x 1 ≈ x 2 . Thus, in the dS invariant situation both secular effects of the second and third kinds are related to each other via the isometry group and the analytical continuation in Z 12 .
Below we show that in global dS space and in the CPP the situation with the two secular effects under discussion becomes different. In particular, the problems of resummations of the secular effects and of the secular divergence become physically distinct.
VI. LEADING VS. SUBLEADING HIGHER LOOP SECULAR CORRECTIONS
To perform the resummation of the leading loop secular effects one has to solve the system of Dyson-Schwinger equations. This system is imposed on the two-point functions and on the vertices. As we have mentioned in the Introduction for low enough masses higher-point functions, i.e. vertices, start to grow, when all their arguments are taken to future infinity [68] . In such a situation it is not yet clear how to perform the resummation. Hence, below we restrict ourselves to high enough masses. Our equations are valid for m > (D − 1)/2. In such a case, if one takes into account only the leading corrections in powers of λ and logarithms, he can put vertices to their tree-level values inside the system of Dyson-Schwinger equations.
In this section we show that for secular effects of the second and third kind only the bubble diagrams of the type shown in Fig. 4 provide the leading contributions in powers of λ 2 log Z. At the same time secular effects receive subleading corrections from the diagrams depicted on the Fig.  3 . The latter are suppressed by higher powers of λ.
On the other hand, in the case of the secular divergence both the diagrams in Fig. 3 and Fig. 4 provide corrections of the same order. As the result, while the resummation of the secular effects is always a linear problem in powers of the exact Keldysh propagator, the resummation of the secular divergences is necessarily non-linear. The last problem has much richer zoo of solutions [68] .
A. Exact BD state in the EPP
Let us start with the correction of the type shown on the Fig. 3 . In such a case in the leading IR corrections one of the propagators in the loops should be represented as (16) and (17) . The other propagators should have the tree-level form. This means that instead of h(qη 3 ) h * (qη 4 ) and h(qη 3 ) h(qη 4 ), as in (14) and (15), one loop corrected propagator will contain such contributions as λ 2 log p √ η 3 η 4 /µ h(qη 3 ) h * (qη 4 ) and λ 2 log p √ η 3 η 4 /µ h(qη 3 ) h(qη 4 ) in the case of third type of secular growth or λ 2 log (η 3 /η 4 ) h(qη 3 ) h * (qη 4 ) and λ 2 log (η 3 /η 4 ) h(qη 3 ) h(qη 4 ), in the case of the second type of secular growth. Consider, first, the limit p √ η 1 η 2 → 0 and η 1 /η 2 = const, i.e. the third type of secular effect.
Then, in this case the second loop of Fig. 3 will contribute to e.g. n(pη) the corrections of the following form:
The index 2 here designates that we are discussing second loop corrections, u, l and v and their primed versions are defined in the footnote (4) above; while v , l are the integration variables corresponding to the internal loop, v, l -correspond to the big loop in Fig. 3 , and log µ l under the l integral appears from the one loop corrections (17) . This dl integral is convergent, which is essential for further discussion.
Ellipses in (35) stand for similar contributions to n 2 (pη) coming from κ 1 (pη) and its complex conjugate. Their expressions are similar to (35) . Moreover, expressions similar to (35) will also appear for κ 2 (pη) and its complex conjugate.
We do not need to know the exact expression for n 2 (pη) to make the following important conclusion. The form of Eq. (35) shows that such diagrams as shown in the Fig. 3 (containing loops inside internal propagators) provide contributions of the form λ 4 log p √ η 1 η 2 in the limit under consideration. Let us now continue with the consideration of the growth in the limit η 1 /η 2 → ∞, i.e. the second type of secular effect. In such a case one of the internal propagators should have the form (34). As we have discussed at the beginning of this section the leading correction coming from the diagram of the Fig. 3 to all three propagators (R,A and K) will contain contributions as follows:
The log(v) under the v integral here appears from the first loop correction (34). Thus, in the limit η 1 /η 2 → ∞ such diagrams as in Fig. 3 contribute λ 4 log (η 1 /η 2 ) corrections. At the same time it is quite straightforward exercise to check that the diagrams from the Fig.  4 lead to the contributions of the form λ 2 log p √ η 1 η 2 2 and λ 2 log (η 1 /η 2 ) 2 in the case of the third and the second kind of secular effects, correspondingly. Thus, if one considers the exact BD state in the exact EPP the diagrams from the Fig. 3 contribute subleading corrections in comparison with those from the Fig. 4 , if λ is very small and η 1,2 → 0. This is a very important observation for the resummation procedure.
B. Higher loops in the case of the secular divergence in the CPP and in global dS
Let us continue now with the discussion of secular effects in the CPP. The secular growth of the second kind in the CPP has the same properties as in the EPP. The calculations are practically the same as in the EPP with the same conclusions that diagrams from Fig. 3 provide subleading corrections in comparison with diagrams from Fig. 4 .
In the case of the secular divergence, which is present instead of the secular growth of the third kind, the situation now is quite different. Because the contribution from the internal loop of the Fig. 3 comes from the past of the external time arguments, η 1,2 , the integration over times in this loop are bounded as η 3 , η 4 < u. As the result the contribution in question has the following form where the upper limit of integration of the l integral, µu/η 0 , appears because the contribution of the order log η η 0 follows only from this region of momenta, as can be seen from eq. (40) . When u → 0, the integral over l in the last expression goes to zero. This indicates that the integral has a polynomial behavior and does not provide higher power of the logarithm.
Thus, it is worthwhile to remark that even if one perturbs the initial BD state in the EPP the resummation of the secular effects remains essentially the same linear problem as in the case of the exact BD in the exact EPP.
D. Secular effects in the sandwich space
To check whether resummation of the secular effect (or divergence) of the third kind is always a linear problem when there is only expansion (but there is no contraction) we continue with the consideration of the so called sandwich space-time proposed in e.g. [97] :
This metric describes an expansion between two flat Minkowski spaces at η −T and η > − . The expansion stage is very similar to the EPP.
As is discussed in [97] free modes in this space can be approximately represented as: 
where ω in (p) = p 2 + m 2 and ω out (p) = p 2 + m 2 T 2 2 . The complex coefficients A p , B p , C p and D p can be fixed from the gluing conditions at η ∼ T and η ∼ .
These modes can be separated into three calsses
• High energy quanta, for which p|η| µ for all the expanding region η ∈ [−T, − ]. These modes do not feel any expansion and do not contribute to the secular growth of interest.
• Intermediate energy quanta, for which p µ pT .
• Low energy quanta, for which p|η| µ for all the expanding region η ∈ [−T, − ]. These are the modes of the main interest for us.
As shown in [97] during the expansion stage the Keldysh propagator for the low energy and intermediate modes receives secular corrections in the limit η 1,2 > − and T / → ∞. The corrections are as follows: 
and n 1 p is of order zero for high energy modes. Similar situation appears for κ 1 p and its complex conjugate. In [97] λφ 4 theory was considered in 2D, but similar situation appears in λφ 3 theory at one loop and for any D.
Hence, the situation for the sandwich space for the low energy modes is similar to the CPP and it is not hard to see that the diagrams from the Fig. 3 and 4 contribute of the same order.
Interestingly enough, if one excludes either one of the flat space regions of the entire sandwich space-time and keeps the other, the situation with the IR loop corrections becomes similar to the EPP case. Namely, if one considers space that descrives once started from flat space eternal expansion or nucleation of flat space from zero volume (eternal EPP towards the past, but expansion stops at some moment in the future), then the digrams from the Fig. 3 contribute subleading corrections in comparison with those from the Fig. 4 .
VII. CONCLUSIONS AND ACKNOWLEDGEMENTS
In conclusion, one can respect the dS isometry at each loop level only for massive fields in the EPP with initial BD state. In such a case there are secular effects of the second and third kind and they are related to each other via isometry transformations and analytical continuation in the complex plane of the scalar invariant -the hyperbolic distance.
Moreover, in the dS invariant situation the problem of the resummmation of the leading secular contributions from all loops reduces to a linear integro-differential Dyson-Schwinger equation, because the diagrams in Fig. 3 provide subleading contributions as compared to those in Fig. 4 .
At the same time the dS isometry is necessarily broken by loop IR divergnces for any initial state in the CPP and global dS. In such a case the resummation of the second type secular contributions still remains to be a linear integro-differential Dyson-Schwinger equation. However, the resummation of the leading IR divergences from all loops now amounts to a nonlinear integrodifferential Dyson-Schwinger equation because the digrams in Fig. 3 contribute at the same order as those in Fig. 4 .
All the above results have been shown here for the case when m > (D − 1)/2 in the units of dS radius. With some modifications they are also going to work when √ 3 4 (D − 1) < m < (D − 1)/2, because in such a case there is no secular growth in the higher point correlation functions [69] . In this case one can put the vertices to their tree-level values in the system of Dyson-Schwinger equations for the propagators and vertices. (Hence, one has to deal with only the equations for the two-point functions.) However, when m ≤ √ 3 4 (D − 1) one has to solve the combined system of Dyson-Schwinger equations for two-point and higher-point functions together [69] . That question remains for the moment unsolved.
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